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The Problem
The problem remains that in many cases the fit to the data 
is very good even when the faulting process is poorly 
reproduced, so that in the real case it would be difficult to 
know when one has obtained the correct solution.

Das and Suhadolc, J. Geophysical Research, 1996

While extra free parameters can improve the data fit, we have 
shown that the data fit it not a good measure of model error, 
which is what modelers want to minimize. 

Page, Custódio, Archuleta and Carlson, J. Geophysical Research, 2009 
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Some of the Issues with Inversions  
(Are We Doing the Best We Can?)

•  Linearization
–  Advantages
–  Disadvantages 

•  Data Misfit vs Model Misfit
–  Overparameterized models
–  Constraints 

•  Combined Inversions
–  Two step approach
–  Weights

•  Forensics
–  Looking at the model in the forward sense

•  Slip rate function
•  …
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Inversions
• Linearized Inversions (representative sample)

– Olson and Apsel (1982)
– Hartzell and Heaton (1983)
– Cohee and Beroza (1994)
– Wald and Heaton (1994)

• Nonlinear Inversions (representative sample)
– Cotton and Campillo (1994, 1995)
– Hartzell and Liu (1995)
–  Ji, Wald and Helmberger(2002)
– Liu and Archuleta (2004)
– Emolo and Zollo (2005)
– Piatenesi, Cirella, Spudich and Cocco (2007)
– Hartzell, Liu, Mendoza, Ji and Larson (2008)
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Kinematic Model (Haskell, 1964)
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Inversion Parameters

 Source parameters: 
– Slip amplitude (A) 
– Slip rake (θ) 
– Rupture velocity 
– Rise time (t1, t2) 

Liu and Archuleta, JGR, 2004 

Slip rate time function 

time 
T t1 t2 

Vr=D/Tr 
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Linearization
 Basic Problem: Time variables are not 

linearly related to the data.
• Approximate the problem by allowing 

multiple time windows for each point on 
the fault. 

• Slip rate function for each window is 
specified, e.g., triangles

• Rupture velocity is nearly constant; most 
times the rupture velocity is fixed.

• Excellent study done by Brian Cohee and 
Greg Beroza, Annali di Geofisica, Vol 37, 
Dec. 1994.
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Linearization
 Brian Cohee and Greg Beroza, Annali di 

Geofisica, Vol 37, Dec. 1994.
•  Single window overestimates seismic moment by 

20% while multi-window overestimates by ~60% 
also noted by Hartzell (1989).

•  Single window recovers the average rupture 
velocity and basic location of the slip; three 
window inversion fit more of the noise in the 
data and consequently added erroneous 
moment to the model. The variance reduction 
with multiple windows is only marginally better 
than a single window.

•  If the slip distribution is known in advance, e.g., 
through GPS data, the rupture velocity variation 
is more reliably imaged. 
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Representation Theorem

Aki and Richards, (3.2) 
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Spudich and Frazer, BSSA, 1984 

Slip Rate  
Time Function 

Stress Drop  
(spatial derivative of slip) 

Change in isochrone 
Velocity ~ acceleration 
of the the rupture front 
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Object Function

Misfit (data – synthetics) constraints 
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Spudich and Miller, BSSA, 1991 
Liu and Archuleta, JGR, 2004 
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Data Misfit
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Waveforms (inverted): Fault Normal
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Custódio, Liu and Archuleta, GRL, 2005 
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Waveforms (predicted): Fault Normal
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Misfit of inversion: mpred=0.63  

Custódio, Liu and Archuleta, GRL, 2005 
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Parkfield Data
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Model Misfit: 
Average of 12 Sets of Data

Custódio, Liu and Archuleta, GRL, 2005 
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Model Uncertainty

 Average of 12 models 
computed based on 
different subsets of 
data

Custódio, Liu, Archuleta, GRL 2005

Minimum
Misfit Model

Average

Standard
Deviation

Coefficient
of 

Variation
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Model Uncertainty?

Average of 10 equally good models 
models

Liu, Custódio, Archuleta, BSSA 2006

Minimum
Misfit
Model

Average

Standard
Deviation

Coefficient
of Variation
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Teleseismic Data: Imperial Valley

Hartzell & Heaton, 1982 
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Seismic Data: Loma Prieta

Wald, Heaton and Helmberger, BSSA 1991 
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Different Data Sets: Northridge

Wald, Heaton & Hudnut BSSA 1996 
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Combined Inversion: Hector Mine
Separate Inversion Combined Inversion

Kaverina, Dreger and Price, BSSA, 2002 
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Weighting
GPS and SAR ~ 0.4 and 0.6, 
respectively

Seismic ~ 0.003

Kaverina, Dreger and Price, BSSA, 2002 
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1D vs 3D Green’s Functions
1D 3D 

Liu and Archuleta, JGR, 2004 
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Two-Step Combined Seismic and GPS: 
1st Step – Inversion of GPS Data 

Linearly Related to Slip
Input

Output 

Inversion 
Non-Negative Least Squares Algorithm 

 (Lawson and Hanson, 1974) 
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Two-Step Combined Seismic and GPS: 
1st Step – Inversion of GPS Data

Resolution of Parkfield continuous GPS network

Page et al. JGR, 2009 
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Two-Step Combined Seismic and GPS

GPS 

Seismic 

Combined 
GPS and Seismic 

Custódio et al., JGR 2009 
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Slip Distributions of Four Slip Models  
Blind Test

Target Model                                                                                                                            Model I      

Model   II                                                                                                                                    Model III
(0.5*Mo)                                                                                                                              (slip<250 cm 

Only the slip and rise time function have been inverted. 

Shao and Ji, 2009 
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Comparison of Moment Rate Functions 

Far field body-wave
 Displacement 

 Velocity

Shao and Ji, 2009 
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Final Thoughts

• Must use models to predict data not used 
in the inversion.

• Few have addressed uncertainty in 
Green’s functions.

• Rise time remains almost un-resolvable. 
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Thanks
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Two-Step Combined Seismic and GPS: 
1st Step – Inversion of GPS Data

 Regular vs Irregular Grid 
– A regular grid fails to capture the true slip 

distribution.
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–  Slip amplitude:
•  Two clearly separate 

patches of slip:
1. Hypocenter.
2. Beneath Middle 

Mountain.

–  Rupture velocity:
•  Very fast at 

hypocenter.
•  Then slows down to 

sub-shear values.

–  Rise time:
•  Short, under 1 second 

(not well resolved).

Kinematics of the 2004 Parkfield 
Earthquake
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Kinematic Inversion:  
Seismic and GPS Data

•  GPS:
–  records displacements
–  records the static field
–  captures the slip 

amplitude
–  resolution decays as 1/

r2
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Input

+ 

Two-Step Combined Seismic and GPS: 
2nd Step – Inversion of Seismic Data
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Inversion
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Kinematics – forward modeling

 Source parameters:
–  Slip amplitude (A);
–  Slip rake (θ);
–  Rupture velocity;
–  Rise time (T=T1+T2).

Green’s functions 

θ 
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Isochrone Velocity
Isochrone velocity is directivity and is defined by	


where	

x is the observer location 	

y is a location on the fault	

t(y,x) is the arrival time at x of an S wave radiated from y	

                   is the vector surface gradient of the arrival time	


Arrival time t is defined as the sum of the rupture time tr and the	

S-wave travel time ts:	


€ 

t y,x( ) = tr y( ) + tS y,x( )
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1999 Chi Chi Inversion
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1999 Chi Chi Earthquake

Liu and Archuleta, 2001 
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Grid Size
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Keiiti Aki  
Seismic Displacements Near a Fault  

 ( J. Geophys. Res., 1968)
Ul Q,ω( ) = DΔhΔl A ω( ) sin Xa

Xa

exp −iωr a − iXa −iωl v( ) + B ω( ) sin Xb

Xb

exp −iωr b − iXb −iωl v( )⎡

⎣
⎢

⎤

⎦
⎥

Xc =ω (Δl 2) 1 v( ) − cosθ c( )⎡⎣ ⎤⎦

D = D0

h2 − Z 2( )
1
2

h
      0 < Z < h

U(Q,t) = FFT −1 Ul (Q,ω )
l∑⎡⎣ ⎤⎦


